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Abstract
The notion of local subgroupoids as generalition of a local equivalence relations was de-
fined by the first author and R.Brown. Here we investigate some relations between transitive
components and coherence properties of the local subgroupoids.
Introduction
Local to global problems play a very important role in mathematics. The most important concept in this
context is a sheaf on a topological space. A sheaf is a way of describing a class of functions, sets, groups,
etc [2, 13, 16]. For instance, a class of continuous functions on a topological space X is very important in
sheaf theory. The description tells the way in which a function f defined on an open subset U of X can
be restricted to functions f |V on open subsets V ⊆ U and then can be recovered by piecing together the
restrictions to the open subsets [9]. This applies not just to functions, but also to other mathematical
structures defined ‘locally’ on a space X. Another set of local descriptions has been given in the notion
of foliation (due to Ehresmann ) and also in the notion of local equivalence relation (due to Grothendieck
and Verdier).
The concept of the local equivalence relations, which was introduced by Grothendieck and Verdier
[7] in a series of exercises presented as open problems concerning the construction of a certain kind of
topos was investigated further by Rosenthal [14, 15] and more recently by Kock and Moerdijk [10, 11]. A
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local equivalence relation is a global section of a sheaf E defined by the presheaf E = {E(U), EUV ,X},
where E(U) is the set of all equivalence relations on the open subset U of X and EUV is the restriction
map from E(U) to E(V ), for V ⊆ U . Moreover this presheaf is not a sheaf. The key idea in this case is
connectedness of the equivalence classes.
An equivalence relation on a set U is just a wide subgroupoid of the indiscrete groupoid U ×U on U .
Thus it is natural to consider the generalition which replaces the indiscrete groupoid on the topological
space on X by any groupoid G on X. So we define a local subgroupoid of a groupoid G on a topological
space X as a global section of the sheaf L associated to the presheaf LG = {L(U), LUV ,X}, where L(U)
is the set of all wide subgroupoids of G|U and LUV is the restriction map from L(U) to L(V ) for V ⊆ U .
The concept of local subgroupoids and their properties were given in [4, 5, 8] .
In this paper, we obtain the relation between the local subgroupoids and the local equivalence rela-
tions. Many coherence properties of local equivalence relations are investigated for local subgroupoids
and obtained a topological foliation from the local subgroupoids.
Acknowledgment: We would like to thank Prof. Ronald Brown for introducing us to this area and his
help and encouragment.
1 Local Subgroupoids
Suppose X is a topological space and G is a groupoid on X. For any open subset U of X, we write LG(U)
for the set of all wide subgroupoids of G|U , where G|U is the full subgroupoid of G on U . Let V,U ⊆ X
be open sets such that V ⊆ U . If H is a wide subgroupoid of G|U , then H|V is a wide subgroupoid of
G|V . So there are restriction maps
LUV : LG(U) −→ LG(V ), H 7−→ H|V
which define a presheaf LG : O(X)
op −→ Sets.
However LG is not a sheaf in general [5, 14]. It is well-known that the presheaf LG defines a sheaf
p : LG → X [2, 8, 13, 16]. For an open set U in X, let Γ(U,LG) be the set of sections. Then every element
H ∈ LG(U) is associated with a section s ∈ Γ(U,LG). If x ∈ X and σ ∈ p
−1(x) = Lx, then there is an
open neighbourhood U of x in X and an s ∈ Γ(U,LG) such that
σ = (U,H)x = s(x).
Such an element is called a germ at x. Similarly one can define a global section s : X → LG of the sheaf
p : LG → X.
Definition 1.1 A local subgroupoid of G on the topological space X is a global section of the sheaf LG
associated to the presheaf LG.
Note that a local subgroupoid s of G may be given by local date called atlas [8]; An atlas Us =
{(Ui,Hi) : i ∈ I} for the local subgroupoid s of G consist of an open cover U = {Ui : i ∈ I} of X and for
each i ∈ I a wide subgroupoid Hi of G|Ui such that for all x ∈ X, i ∈ I, if x ∈ Ui, then s(x) = (Ui,Hi)x.
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If s is a local subgroupoid of G defined by an atlas Us = {(Ui,Hi) : i ∈ I} and V is an open subset of
X then s|V is the local subgroupoid of G|V defined by the atlas Us ∩ V = {(Ui ∩V,Hi|(Ui ∩V )) : i ∈ I}.
It is easy to verify this is an atlas and as a section s|V is just the restriction of s to the open subset V .
Now we give some examples of local subgroupoids ( see also [5, 8]).
1.1 Examples
Example 1.2 Let X be a topological space. Every local equivalence relation on X is a local subgroupoid
of X ×X. For an open set U in X, let E(U) be the set of all equivalence relations on U . This gives us
a presheaf E : O(X)op → Sets and so it defines a sheaf E on X. We obtain a local equivalence relation
r of global section of E .Obviously E(U) is the set of all wide subgroupoid of U × U . Hence the local
equivalence relation r on X is a local subgroupoid of X ×X.
Example 1.3 Any topological space X can be considered as a groupoid on itself in which every element
is identity [3, 12]. We define a local subgroupoid s of X by an atlas Us = {(Ux, Ux) : x ∈ Ux} where Ux
is open in X.
The following two examples give us the relations between local subgroupoids and local equivalence rela-
tions.
Example 1.4 Let X = {Xi | i ∈ I} be a partition of a topological space X and let R be an equivalence
relation defined by the partition. Then for a group K , G = R × K becomes a groupoid on X with
the composition ((x, y), k1)((y, z), k2) = ((x, z), k1k2)) such that source and target maps α, β are the
canonical projections on R
For open set Ui of X, let E(Ui) be the set of equivalence relations on Ui and similarly L(Ui) the set of
wide subgroupoid of G|Ui. Then E and L define presheaves on X. We obtain a natural transformation
γ : E → L, by γU : E(Ui) → L(Ui), Ri 7→ Ri × K, for each open set Ui ⊆ X, which defines a presheaf
morphism γ : E → L and so it gives rise to a sheaf morphism γ∗ : ER → LG.
If r is a local equivalence relation of R given by an atlas Ur = {(Ui, Ri) | i ∈ I}, then γ
∗r becomes a
local subgroupoid of G on X defined by an atlas Uγ∗r = {(Ui, Ri × K) | i ∈ I}. In other word, a local
equivalence relation of an equivalence relation R on a topological space X defines a local subgroupoid of
the groupoid R×K on X, while K is a group.
Example 1.5 Let G be a groupoid on a topological space X. We obtain a local equivalence relation r on
X to be a global section of the sheaf EX×X associated with the presheaf EX×X and a local subgroupoid
s of G is a global section of the sheaf LG associated with LG. The anchor map
Υ = [α, β] : G −→ X ×X, g 7→ (α(g), β(g))
defines a morphism of presheaves Υ: L(U)→ E(U), H 7→ R. Thena natural transformation Υ: LG −→
EX×X define a sheaf morphism Υ
∗ : LG −→ EX×X such that Υ
∗(s) = r.
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2 Coherent Local Subgroupoids
We first recall some elementary but essential basic facts from [4, 5, 8].
The set LG(X) of all wide subgroupoids of G is a poset under inclusion. We write ≤ for this partial
order.
Let Loc(G) be the set of local subgroupoids of G. We define a partial order ≤ on Loc(G) as follows.
Let x ∈ X. We define a partial order on the stalks p−1(x) = Lx by (U
′,H ′)x ≤ (U,H)x if there is an
open neighbourhood W of x such that W ⊆ U ∩ U ′ and H ′|W is a subgroupoid of H|W . Clearly this
partial order is well defined. It induces a partial order on Loc(G) by s ≤ t if and only if s(x) ≤ t(x) for
all x ∈ X.
We now fix a groupoid G on X, so that LG(X) is the set of wide subgroupoids of G, with its inclusion
partial order, which we shall write ≤.
We define poset morphisms
locG : LG(X)→ Loc(G) and globG : Loc(G)→ LG(X)
as follows. We abbreviate locG, globG to loc, glob.
Definition 2.1 If H is a wide subgroupoid of the groupoid G on X, then loc(H) is the local subgroupoid
defined by
loc(H)(x) = (X,H)x.
Let U be an open subset of X. Then we have notions of local subgroupoids of G|U and also of the
restriction s|U of a local subgroupoid s of G. Clearly if H is a wide subgroupoid of G then loc(H|U) =
(loc(H))|U .
Let s be a local subgroupoid of G. Then glob(s) is the wide subgroupoid of G which is the intersection
of all wide subgroupoids H of G such that s ≤ loc(H).
We think of glob(s) as an approximation to s by a global subgroupoid.
For any wide subgroupoid H of G, glob(loc(H)) ≤ H. However, s ≤ loc(glob(s)) need not hold.
Examples of this are given in Rosenthal’s paper [14] for the case of local equivalence relations. We
therefore adapt from [14, 15] some notions of coherence.
Definition 2.2 Let s be a local subgroupoid of G on X.
(i) s is called coherent if s ≤ loc(glob(s)).
(ii) s is called totally coherent if for every open set U of X, s|U is coherent.
(iii) s is called globally coherent if s = loc(glob(s)).
Definition 2.3 Let H ∈ LG(X), so that H is a wide subgroupoid of G.
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(i) H is called locally coherent if loc(H) is coherent.
(ii) H is called coherent if H = glob(loc(H)).
Coherence of s says that in passing between local and global information nothing is lost due to
collapsing. Notice also that these definitions depend on the groupoid G.
The next proposition gives an alternative description of glob.
Let Us = {(Ui,Hi) : i ∈ I} be an atlas for the local subgroupoid s. Then glob(Us) = HU is defined to
be the subgroupoid of G generated by all the Hi, i ∈ I.
An atlas Vs = {(Vj , sj) : j ∈ J} for s is said to refine Us if for each index j ∈ J there exists an index
i(j) ∈ I such that Vj ⊆ Ui(j) and si(j)|Vj = sj and written as Vs ≤ Us.
Proposition 2.4 Let s be a local subgroupoid of G given by the atlas Us = {(Ui,Hi) : i ∈ I}. Then
glob(s) is the intersection of the subgroupoids glob(Vs) = HV of G for all refinements Vs of Us, i.e.,
glob(s) = ∩{HV : Vs ≤ Us}.
Proof: Let K be the intersection given in the proposition.
Let H be a subgroupoid of G on X such that s ≤ loc(H). Then for all x ∈ X there is a neighbourhood
V of x and ix ∈ I such that x ∈ Uix and Hix |Vx ∩Uix ≤ H. ThenW = {(Vx ∩Uix,Hix |Vx ∩Uix) : x ∈ X}
refines Us and glob(W) ≤ H. Hence K ≤ H, and so K ≤ glob(s).
Conversely, let Vs = {(Vj ,H
′
j) : j ∈ J} be an atlas for s which refines Us. Then for each j ∈ J there
is an i(j) ∈ I such that Vj ⊆ Ui(j),H
′
j = Hi(j)|Vj . Then s ≤ loc(glob(Vs)). Hence glob(s) ≤ glob(Vs) and
so glob(s) ≤ K. ✷
It is easy to show that if for every open cover V of X, H ∈ LG(X) is generated by the subgroupoids
H|V, V ∈ V then H is coherent. In fact, atlas Uloc(H) = {(X,H)} which is refined by VH = {(V,H|V ) :
V ∈ V} for any open cover V, hence
glob(loc(H)) = ∩{HV : Vs ≤ Us} = H.
Example 2.5 If X is a topological space then its fundamental groupoid pi1X is coherent. Let V be
an open cover of X. Let [a] ∈ pi1X, where a is a path in X. Then by Lebesgue Covering Lemma,
a = a1 + · · · + an where ai is a path in some Vi ∈ V. So pi1X is generated by (pi1X)|V , V ∈ V.
Example 2.6 As we mentioned earlier, any topological space X can be considered as a groupoid on itself
and its local subgroupoid is given an atlas {(Ux, Ux) : x ∈ Ux}. Clearly loc(X) = s, i.e., loc(X)(U) =
(U,X |U ) = (U,U). Moreover glob(s) = X, since glob(s) = glop(loc(X)) = X. So X is coherent and s is
globally coherent.
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Example 2.7 A bundle of groups p : G→ X is a groupoid whose source and target maps are equal, i.e.
α = β = p. For an open set U in X, LG(U) = {G|U} and for open sets V,U in X with V ⊆ U , restriction
morphism LUV : LG(U) −→ LG(V ), GU 7→ GU |V define the presheaf LG and so a sheaf LG as usual
way. So let s be a local subgroupoid of the bundle of groups G on X. Then s is a globally coherent local
subgroupoid of G and G is a coherent groupoid on X. In fact, now, let V = {Vx : x ∈ X} be an open
cover of X such that for each x ∈ X, x ∈ Vx ⊆ Ux, where U = {Ux : x ∈ X} is also open cover of X. Let
HV be the subgroupoid of G generated by {G |Vx : x ∈ X}. p
−1(Ux) = G |Ux⊇ Hx |Vx . But HV = G and
glob(s) = ∩{HV : V ≤ U} = HV = G. So loc(glob(s)) = loc(G) = s. Hence s is a globally coherent. Since
loc(G) = s and glob(loc(G)) = glob(s) = G, G is coherent.
More examples of the coherence properties for local subgroupoids are given in [5].
2.1 Transitive components and coherence properties
We give some results which explain the relations between the transitive components of G and its local
subgroupoids . Recall that a groupoid G on X is called transitive if the set of morphism G(x, y) from
x to y is non-empty, for all x, y ∈ X. This defines an equivalence relation on X. The equivalence class
containing x ∈ X is denoted by Mx and called transitive components of G containing x [3, 12].
Proposition 2.8 Let s be a local subgroupoid of G on X such that s = loc(H), for H ∈ LG(X). Then
the transitivity componentsof HV are relatively closed and open in the transitivity components of H.
Proof: Let Mx,v and Mx denote the transitivity components of x in HV and H respectively. Clearly,
Mx,v ⊆ Mx, because, s = loc(H), glob(s) = glob(loc(H)) ⊆ H, so HV ⊆ H. Let y ∈ Mx,v. Then there
is g ∈ HV(y, x) with g = hn...h2.h1 such that h1 ∈ H |V1 (y, x1), h2 ∈ H| |V2 (x1, x2), ..., hn ∈ H |Vn+1
(xn, x). Take V1 ∩Mx and let z ∈ V1 ∩Mx. Hence h ∈ H(z, x) and since k ∈ H(y, x), h
−1k ∈ HV(y, z).
Thus, h−1k ∈ HV and z ∈Mx,v. Thus z ∈ V1 ∩Mx ⊆Mx,v and so Mx,v is open in Mx. Now we have to
show thatMx,v is closed inM . Let z ∈Mx,v be the closure relative toMx. For every open neighbourhood
U of x, we have Vz, take an element y ∈ Vz ∩Mx,v. Then, there is a g ∈ HV(y, x) and since h ∈ H(z, x),
we have h−1g ∈ H(y, z). Since y, z ∈ Vz, h, g ∈ HV(y, z) and z ∈Mx,v. Thus Mx,v =Mx,v ✷
Theorem 2.9 Let s be a local subgroupoid of G on X such that s = loc(H), for H ∈ LG(X). Suppose
that for every x ∈ X there is an open neighbourhood Wx of x such that H |Wx has connected transitivity
components. Then s is coherent.
Proof: Suppose that s is not coherent. Then, for some a ∈ X, we have s(a) 6≤ loc(glob(s))(a), i.e.,
given any open neighbourhood W of a,there is a cover {Vx : x ∈ X} and y, z ∈ W such that there
exists an h ∈ H(y, z), but h 6∈ HV(y, z). In particular, this is true for Wa. By Proposition 2.8, the
transitivity component of y in H |Wa is open and closed in the transitivity component of y in H|Wa,
which is connected. This is a contradiction. Hence h ∈ HV(y, z). ✷
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Theorem 2.10 Let H ∈ LG(X) and H has connected transitivity components. Then H = glob(loc(H)).
Conversely, if H = glob(loc(H)) and H has closed transitivity components, then it has connected transi-
tivity components.
Proof: Given an open cover V = {Vx : x ∈ X} of X. The groupoid HV generated by {H |Vx} is contained
in H and by Proposition 2.8, since transitivity components of HV are relatively open and closed in those
of H, which are connected, so we must have HV = H, and hence H = glob(loc(H)) = ∩{HV : V ≤ U}.
IfH = glob(loc(H)), for every cover V, HV = H . Let a ∈ X such thatMa, the transitivity component
of a in H, is not connected. Let U and V be open sets separating Ma. Let U = {U, V,X −{x}}. Choose
x, y ∈ Ma such that x ∈ U ∩Ma, y ∈ V ∩Ma. Then there exists g ∈ H(x, y), but g /∈ HV(x, y) since
(U ∩Ma)∪ (V ∩Ma) = Ma and they are disjoint, since HV 6⊆ H we have that glob(loc(H)) ⊆ H. This is
a contradiction. ✷
The following results denote relations between the previous definitions.
Proposition 2.11 i) Suppose that s is globally and totally coherent of a groupoid G on X. If U is open
in X, then s|U is globally coherent.
ii) If there is an open cover V = {Vx : x ∈ X} of X such that s|Vx is globally and totally coherent for
all x ∈ X, then s is totally coherent.
Proof: i) We have s = loc(glob(s)). By definition, glob(s|U) ⊆ glob(s)|U , hence loc(glob(s|U)) ≤
loc(glob(s)|U) = loc(glob(s))|U = s|U . Sine s|U is coherent, by totally coherence of s, we have s|U ≤
loc(glob(s|U)). So s|U = loc(glob(s|U)), i.e., s|U is globally coherence.
ii) By (i), if U is open in X and s|Vx is globally coherence for all x ∈ X, then s|U ∩ Vx is globally
coherent. Thus s|U ∩ Vx = loc(glob(s))|U ∩ Vx ≤ loc(glob(s|U))|Vx, since this holds for all x ∈ X, we
have s|U ⊆ loc(glob(s|U)), i.e., s is totally coherent. ✷
2.2 Topological foliations
One of Ehresmann’s approaches to the foundations of foliation theory [6] goes via the consideration of a
topological space equipped with a further ‘nice’ topology. Such nice topologies appear also in the context
of local equivalence relations and have been considered in [1] and in [15]. We shall need the following
elaboration of this idea for the local subgroupoids. Let s be a local subgroupoid of G on a topological
space X which is given by an atlas {(Ux,Hx) : x ∈ X}. We can define a new topology on X denoted
by Xs. The underlying set of Xs is X. Let Mx,a denote the transitivity components of x in Ua for the
subgroupoid Ha ∈ LG(Ua). Let the topology of X
s be generated by the Mx,a , x ∈ Ua and the open sets
of X. Then its basic open sets any set of the form U ∩Mx,a where U is open in X, thus this topology
is the coarsest for which the original open sets as well as transitive component for Ha are open, and X
s
is topologically the disjoint union of the transitive component for Ha, each of them with its subspace
topology from X. Since the topology on Xs is finer than that of X, I : Xs → X, the identity map,
is continuous. Hence Xs is a topological foliation . The notion of topological foliation was defined by
Ehresmann [6].
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Theorem 2.12 Let s be a coherent local subgroupoid of the groupoid G on X. Then the transitivity
components of glob(s) are connected components of Xs.
Proof: Let H = glob(s). Since s is coherent (s ≤ loc(H)), for each a ∈ X, choose an open neighbourhood
Wa ⊆ Ua such that Ha|Wa ⊆ H|Wa. If M is a transitivity component of G, we shall show that
M =
⋃
a∈M
(Ma,a ∩Wa).
If z ∈ Ma,a ∩Wa for some a ∈ M , then h ∈ Ha(z, a)|Wa and hence h ∈ G. Since a ∈ M and M is the
transitivity component of G, then z ∈M . Hence M is a union of open sets in Xs and so is open.
We prove M is closed in Xs, let x ∈ M , closure is relative to Xs, then Mx,x ∩Wx meets M . Let
a ∈ (Mx,x ∩Wx) ∩M . Then, k ∈ Hx|Wx(a, x) ⊆ G|Wx. Since a ∈ M,x ∈ M . Thus M = M and M is
closed in Xs.
Since M is open and also closed, if it is transitivity connected, we have to show that it is a connected
component. Since s is coherent and the topology of Xs is finer than that of X, it follows that s ≤ loc(H)
in Xs, from which it follows that glob(s) ≤ glob(loc(H)) and hence glob(s) = glob(loc(glob(s)), i.e.,
H = glob(s) is coherent on Xs. Since its transitivity components are closed by Theorem 2.10, they are
connected. ✷
As a result, some properties of local equivalence relations can be described by the results centred
around the notion of local subgroupoids. The interplay of the functors glob and loc says a lot about local
subgroupoids on arbitrary topological spaces.
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